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There are many interesting issues in the brane world with a large/warped extra
dimension. We focus on the cosmological aspects. We review the cosmological
solutions of the brane world and how the conventional four-dimensional cosmology
is recovered by including the effect of stabilization. Its implications on the mass
hierarchy and the cosmological constant are discussed.
1 Introduction
For past two years, many particle physicists and cosmologists were excited
by the development of two ideas, the brane world and the warped extra di-
mensions, both of which are based on the existence of extra dimensions. The
basic idea of the brane world is that standard model particles are localized on
a (3+1)-dimensional brane (or a set of branes) embedded in a higher dimen-
sional spacetime, while gravity propagates in the whole bulk 1,2. The warped
extra dimension assumes that the background metric is curved along the ex-
tra dimensions, mainly due to the negative bulk cosmological constant 3,4.
Why are these two ideas so exciting? They have brought us fresh views and
perspectives in gravity, cosmology, particle physics and string theory. We
have seen many interesting issues discussed so far, such as the localization of
gravity, the gauge hierarchy problem, the cosmological constant problem and
self-tuning models 5, the construction of supersymmetric RS models and the
role of supersymmetry 6, the connection to string theory or Horava-Witten
model and warped compactication, the interpretation in light of AdS/CFT
holographic duality 7, the collider signatures of the KK modes and the radion,
etc 8.
In this talk, we focus on the cosmological aspect of the two ideas, mostly
in ve dimensional models with one extra dimension. There has been much
interest in this because the ve dimensional nature of gravity and the brane
setup might lead to the non-conventional cosmology even at low temperature
as well as at high temperature above TeV scale. It was found that the Fried-
mann equation of the brane shows a H /  behavior and has an additional
dark radiation term 9. There was also a diculty concerning the negative
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tension brane, and it was not very clear what happens at temperatures above
TeV, which can alter the early universe cosmology including inflation.
However, in the early models, a few important ingredients are not ad-
dressed, such as the mechanism for the localization of elds on the brane, the
stabilization of the brane systems 10 and the way to achieve necessary ne
tunings of parameters. They inevitably involve bulk matter and dynamics,
and can change the whole picture, for example, changing the exponential warp
factor to power law. For the cosmological consequences of brane world models,
taking the stabilization into account is found to be crucial 11,12,13. The inclu-
sion of the eect of stabilization recovers the conventional FRW cosmology at
temperatures below TeV.
The talk is organized as follows. First, we derive the eective four-
dimensional brane equations to see the generalities of brane dynamics, though
its usefulness is limited by the lack of the knowledge of bulk eects. Then,
we try to solve the ve dimensional equations with an appropriate ansatz.
The solution can be obtained in very restricted cases, but a framework can
be found where we can study brane cosmology with the eect of stabilization
taken into account. This is done through the T^ 55 component which is adjusted
to stabilize the extra dimension in the presence of brane matter. Based on
this, we analyze the background spacetime where we also discuss the mass
scales and the hierarchy problem, and one and two brane models in turn.
2 Effective four-dimensional equations on the brane
2.1 Framework
We consider the ve-dimensional spacetime with coordinates (; xi; y), and


















−g(i) [−i + LiM ] (1)
where M is the fundamental gravitational scale of the model, b and i
represent the bulk cosmological constant and brane tensions, respectively.
LbM and LiM are Lagrangians for the bulk elds and for the elds localized
in the branes.
To investigate the role of bulk and bulk elds in brane dynamics 14 we
introduce a bulk scalar ^, with LbM = 12 (@^^)2. We also allow that b, i
and Li can be functions of ^. The bulk Einstein equations obtained from the
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action (1) are











The existence of branes imposes the junction conditions on the above
bulk equation, giving discontinuities in the rst derivatives across the branes
of metric and scalar eld. First let us proceed the general setup. A brane
can be described by the normal vector nM . Then the induced metric on the
brane is given by gMN = g^MN − nMnN , while the extrinsic curvature by
KMN = @MnN . The junction conditions are
















where the bracket in the left hand side means the dierence across the brane
and Tµν is the energy momentum tensor of brane matter, i.e., i and LiM .
Suppose that we are localized on a certain brane and want to study the
brane dynamics as observed by us. We may take two dierent approaches.
The rst approach is to derive the eective 3-brane equations localized on
our brane. The second is to directly solve the whole bulk equations. In this
section, we follow the rst approach. The second will be dealt with in the
next section.
2.2 The effective 3-brane Einstein equation
To derive the eective 3-brane equations, we need to know the extrinsic cur-
vature and the intrinsic curvature of our brane in terms of the bulk metric
g^MN and the normal vector nM , which are provided by the Codacci equation
@MK
M
µ − @µK = gMµ GMNnN ; (6)
























gµν − Eµν ; (7)
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where Eµν = CMNOP nMnOgNµ g
P
ν and CMNOP is the bulk Weyl tensor.
Now we take y as the Gaussian normal coordinates and impose Z2 sym-
metry, y  −y. We expand ^ around the brane,
^(x; y) = (x) + 1(x)jyj+ 122(x)y
2 +O(y3): (8)
Then from the bulk equations (2) and (3), and the junction conditions (4)










and the four-dimensional eective Einstein equation for the brane 14



































T^µν() = @µ@ν− 58gµν(@)
2: (13)
The rst three terms in the right hand side of (10) deal with the sources on
the brane. The rst two terms are same as four-dimensional Einstein gravity,





The third term gives a correction quadratic in energy-momentum tensor. The
last two terms in Eq. (10) are bulk eect terms, which reflect the existence
of bulk in brane dynamics. They are inputs from bulk dynamics and not
determined in the brane equations. The brane equations (9) and (10) are
not closed equations. In this sense, they would not be very useful without
the knowledge of the bulk eect terms. However, they reveal a most general
structure of the brane equations. In this regard, we note that the Planck
mass (14) seems at rst to be determined solely by the brane tension. This
seems strange because the graviton (and its zero mode) comes from the bulk
elds. Therefore there must be some correlation between the brane tension
and bulk dynamics, which are incorporated in the brane equations through
these bulk eect terms. We will see this in the following sections where the
bulk solutions are treated.
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3 Five-dimensional cosmological solutions
3.1 Framework
In this section, we investigate the cosmological bulk solutions of ve-
dimensional models. For the two brane models, the fth dimension y is
assumed to be an orbifold S1=Z2 with y  y + 1 and y  −y identied.
Two 3-branes reside at two xed points (boundaries) y = 0; 12 .
Since we are interested in the cosmological solution, we consider the metric
where the 3-dimensional spatial section is homogeneous and isotropic.
ds2 = −n2(; y)d2 + a2(; y)γijdxidxj + b2(; y)dy2; (15)
where γij is the 3-dimensional homogeneous and isotropic metric, and we will
use K = −1; 0; +1 to represent its spatial curvature. Einstein equations are



















































































































































diag[−i; pi; pi; pi; 0] (20)
In addition to Einstein equations, we use the energy-momentum conser-
vation equation, @M T^ MN = 0
d^
d
+ 3(^ + p^)
_a
a


















^ = 0: (22)
Brane sources in Eq. (20) can be converted to boundary conditions (Junc-
tion conditions): n, a and b must be continuous and n0, a0 are discontinuous
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3.2 Five-dimensional spacetime with the bulk cosmological constant and
brane tensions
First, we consider the ve-dimensional spacetime supported by the negative
bulk cosmological constant ^ = −p^ = b < 0 and brane tensions i = −pi =









In general cases with k0;−k1/2  k, the metric is given by 15
ds2 =
−d2 + ijdxidxj + (kb0)2dy2
[k sinh(kb0jyj+ c0) + g0]2
(25)
where b0 and c0 are determined by
k cosh(c0) = k0; k cosh(
1
2
kb0 + c0) = −k 1
2
: (26)
The metric (25) describes a slice of AdS5 space inflating both in extra dimen-
sion and in spatial dimensions. We note two special cases. If we have a ne
tuning (−k2 − k)=(k1 − k) = ekbo(−k2 + k)=(k1 + k), we obtain a inflationary
solution with static extra dimension 16
ds2 =
−d2 + e2kτ ijdxidxj + b20dy2
sinh2(kb0jyj+ c0)
(27)
With two ne tunings k = k0 = −k 1
2
, we can get a static solution, the
Randall-Sundrum model 4
ds2 = e−2kb0jyjµνdxµdxν + b20dy
2 (28)
This model attracted much attention because it convert the gauge hierarchy
problem into a geometric problem. The four-dimensional Planck scale in this
model is given by M2P = (M
3=k)[1− e−kb0 ]. Any mass parameter m0 on the
visible brane corresponds to a physical mass m = m0e−
1
2kb0 , which we identify
as the weak scale. Hence the large hierarchy between the Planck scale and the
weak scale MP =MW  1016 can be explained by a warp factor e− 12kb0 with
1
2kb0  37. The property is not spoiled by R2 corrections, if R2 corrections
are given by Gauss-Bonnet interactions 17.
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Note that the space described by the metric (25) is locally AdS5, because
it shares the same bulk equation. The metric (25) can be transformed to (28)
by a coordinate transformation
e−kbRSyRS = k sinh(kb0y + c0) + g0; RS =  cosh(kb0y + c0): (29)
Therefore, we can say that above metrics are the slices of AdS5 with dierent
boundary geometries.
3.3 Cosmological solutions with static extra dimension
Let us turn to the more interesting situation where the matter is added on
the brane(s) and possibly in the bulk. But we require the extra dimension to
be static, that is _b = 0. This requires a ne tuning between matter densities.
For the bulk energy-momentum, we assume
^ = b; p^ = −b; p^5 = −b + p5(; y): (30)





With the gauge xing n(; y = 0) = 1, we obtain the solution 18,13

























and n(; y) = _a(; y)= _a0(). Here a0()  a(; y = 0) and C() is determined





a0() is xed by the boundary condition. Suppose that a brane with the
energy density 0 is placed at y = 0, and assume Z2 symmetry y  −y. The














If we further assume that we are living on the brane, this equation is nothing
but the Friedmann equation of our universe. However, in the simple case
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where b = 0 and p5 = 0, this equation diers from the four-dimensional
Friedmann equation in two aspects. First, the Hubble parameter H = _a0=a0
is proportional to 0 instead of
p
0. Second, there is a C=a40 term which
looks like a radiation term. This means that we can have dynamic solution
without any matter on the brane or in the bulk. This term seems to have an
interesting interpretation in view of AdS/CFT 7. Both of these alter the big
bang nucleosynthesis result: H / 0 is not compatible and C is required to
be small enough.
If we consider the negative bulk cosmological constant together with the

















The four-dimensional Friedmann equation is obtained for k20 − k2 = 0, C =
0, 0M  0. We can obtain a viable cosmology for the positive tension
brane attached to the innite size extra dimension. The eective cosmological
constant is given by eff / (k20 − k2) At high energy/temperature, that is, in
the very early universe 20M term dominates and results in very interesting
consequences 19.
4 The stabilized RS models
4.1 Stabilization by balanced bulk matter
In the previous section, we saw that the brane at y = 0 xes the whole bulk
solution. If we have the second brane at y = 12 , the junction condition at




sinh(kb) + 12 (
2
0 − C − 1) sinh(kb)− 0 cosh(kb)
cosh(kb) + 12 (
2










This is a constraint between energy densities i on two branes. The reason
why this constraint is necessary is obvious. We used the ansatz with the static
extra dimension, which is not the general case for the two brane model. But
the (almost) static extra dimension is required from the phenomenological
view point. We need a stabilization mechanism to make the extra dimension
static.
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Here we consider a simple modeling of how the stabilization mechanism
works 13,11. It must involve some bulk dynamics. We suppose that it is
through the role of C. The basic idea is that the back reaction by the stabi-
lization mechanism to the brane energy densities which, if left alone, would
destabilize the extra dimension, induces the bulk energy momentum T^ 55 which
forces C tted to the constraint (36) through (33) and keep _b = 0. The con-
straint (36) can be solved to give the necessary C
C = (20 − 1)− 2
0 +  1
2






and the bulk energy-momentum component p5 through
p5(; y) =
6M3
4a3(; y) _a(; y)
_C: (39)
Inserting (38) into (34), we obtain the 3-brane Friedmann equation for the








0 +  1
2






We have two comments here. First, in general it is expected that the
stabilization mechanism induces T^ ii as well as T^
5
5 , and b may not be strictly
static but be shifted somewhat as i changes in time. Considering T^ 55 only and
requiring strictly static b seems to give a limit of innitely steep stabilization
potential. It is of course unrealistic, but gives the leading behaviors of RS
models with a certain, unknown stabilization mechanism. Second, we can see
from (39) that the induced p5 does not x the additive constant of C. This
cannot be controlled by T^ 55 , but required to vanish to satisfy the constraint.
This may require another mechanism behind. Actually non-vanishing C im-
plies the breakdown of conformal symmetry in the bulk, and there might be
a connection between the stabilization mechanism which requires non-trivial
C and the conformal symmetry breaking.
Now we rephrase the metric for the stabilized RS model
ds2 = −n2(; y)d2 + a2(; y)ijdxidxj + b2(; y)dy2 (41)
where
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(0 +  1
2





fcosh(kb)− 1g fcosh(2kby)− 1g
#1/2
(42)
and a0() satises (40).
4.2 The static five-dimensional spacetime: The mass hierarchy and the
cosmological constant
With the metric in (41) and (42), we rst consider the case where there is no
matter and only the bulk cosmological constant and the brane tensions are





(k0 + k 1
2





fcosh(kb)− 1g fcosh(2kby)− 1g
#1/2
: (43)





(k20 − 1)− 2
(k0 + k 1
2








The scale factor a(; y) undergoes inflation, and the Hubble parameter can be
dened independently of y because H = _a(; y)=a(; y) = _a0()=a0().
The static background spacetime is obtained when we make a ne tuning
to satisfy the condition for the vanishing cosmological constant
(k0 + k 1
2
)− (1 + k0k 1
2
) tanh(kb) = 0: (45)










We can identify the four-dimensional Planck scale in two ways. Firstly, we can
get it from the 4-dimensional eective theory which is obtained by integrating
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The two derived Planck scales (48) and (49) coincide under the condition (45),
that is, when the cosmological constant vanishes.
Let us consider the gauge hierarchy problem in this background spacetime.
Physical mass scale at two branes are given by 11









Note that we placed the visible brane at y = 0 and identied the physical
mass scale of the visible brane as the weak scale. The physical mass scale on
the hidden brane, called the hidden scale here, is in general dierent from the








sinh(kb)− k0 fcosh(kb)− 1g
  1032: (52)
The condition for the vanishing cosmological constant and the solution to
the gauge hierarchy problem impose two conditions among four parameters
k, k0, k 1
2
and b. Hence, in this model, there are continuous set of static
background spacetimes which solve the cosmological constant problem and the
gauge hierarchy problem together, specied by, for example, two parameters
(k=M; kb) and k0 and k 1
2









1− k0 tanh(kb) : (54)
The original RS model with k = −k0 = k 1
2
is a special case where p5 in (47)
vanishes.
Note that while the hidden scale is larger than the weak scale by the
ratio of warp factors at two branes, n(; 12 )=n(; 0), it is in general dierent
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from the four-dimensional Planck scale by a factor M=k and a dierent warp
factor combination. In the original RS model where k = −k0 = k 1
2
, ekb  1
and M=k  1, the dierence disappears. If we introduce another hierarchy
M=k  1 (without any feasible reason at the moment), this will show up in
the hierarchy of the hidden scale and the Planck scale.
4.3 One brane model
Let us turn to the cases where matters are added on the brane. First, we look
at the case  1
2
= 0. This corresponds to compactifying the extra dimension
without the second brane. This is made possible by the tuned p^5 distribution







kcoth(kb)(0 − 3p0)− 0(0 + 3p0)12M3

: (55)








= 2k2 [−1 + 0coth(kb)] : (56)
If we split out the brane tension from the brane energy density, the above






















eff = 0 − (6M3b) 12 tanh(kb): (59)
An interesting characteristic of this model is its implication for the cosmo-
logical constant problem. Suppose that we have the relation k = k0 in some
way, that is, assume a solution to the ‘big’ cosmological constant problem.
Then the size of the cosmological constant has an exponential dependence on
the size of extra dimension. This is just the RS-type solution to the ‘small’
cosmological constant problem. The currently observed cosmological constant
ΩΛ  1 can be tted with kb  140.
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4.4 Two brane model
Now we turn to the two brane case. We split the brane energy densities into
the brane tensions and the brane matter energy densities as we did in the one
brane model, and impose the vanishing cosmological constant condition (45).



































2, which is the phys-
ically observed energy density on the hidden brane. Up to small correction,
this equation is nothing but the four-dimensional Friedmann equation. The
energy densities on both branes contribute equally. So the matter on the
hidden brane acts as dark matter for our brane.
The inclusion of the eect of stabilization mechanism, through the bal-
anced T^ 55 component in this simplied model, gives a ordinary FRW cosmology
at least up to TeV scale, resolving the peculiarities caused by the existence
of the negative tension brane. Above the TeV scale, we meet a complicated
situation where in addition that the quadratic terms become important, we
need to consider the excitation of other dynamical variables which may spoil
the stabilization. Further study is required to clarify it.
5 Conclusion
There are many interesting issues in the brane world models and large/warped
extra dimensions, such as the mass hierarchy, the cosmological constant, lo-
calization of gravity, connement of elds on the brane, ne tunings of the
bulk cosmological constant and brane tensions, stabilization of the extra di-
mension, the role of supersymmetry, the role of AdS/CFT duality, connection
to string theory, and collider signals, etc.
In this talk, we focused on the cosmological implications, together with
the cosmological constant and the gauge hierarchy. In cosmological side, the
model with one positive tension brane and the innite warped extra dimen-
sion (RS2) has a viable cosmology without the need of stabilization. But for
models with two or more branes or with the compact extra dimension, taking
the eects of stabilization into account is very crucial in studying the cosmol-
ogy of the models. We have shown that, through the simple method using the
balaced T^ 55 component, the inclusion of the eects of stabilization recovers the
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conventional four-dimensional FRW cosmology. Therefore, the stabilized RS
models have viable cosmology below TeV scale, with interesting new perspec-
tive on the mass hierarchy and the cosmological constant. Further study is
required to clarify the cosmology of these models at temperatures above TeV
scale.
Acknowledgments
I would like to express my gratitute to the organizers of the \International
Workshop on Particle Physics and the Early Universe", COSMO2000 and
acknowledge the hospitality of KIAS. I have beneted from discussions with
K. Choi and H. D. Kim.
References
1. V. A. Rubakov and M. E. Shaposhnikov, Phys. Lett. B125, 136 (1983)
Phys. Lett. B125, 139 (1983) K. Akama, Lect. Notes Phys. 176, 267
(1982).
2. N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B429, 263
(1998); I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. Dvali,
ibid. 436, 257 (1998).
3. M. Gogberashvili, hep-ph/9812296; Europhys. Lett. 49, 396 (2000);
Mod. Phys. Lett. A14, 2025 (1999).
4. L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999); Phys.
Rev. Lett. 83, 4690 (1999)
5. N. Arkani-Hamed, S. Dimopoulos, N. Kaloper and R. Sundrum, Phys.
Lett. B480, 193 (2000); S. Kachru, M. Schulz and E. Silverstein, Phys.
Rev. D62, 045021 (2000); S. Fo¨rste, Z. Lalak, S. Lavignac and H. P.
Nilles, Phys. Lett. B481, 360 (2000); JHEP 0009, 034 (2000); J. E.
Kim, B. Kyae, H. M. Lee, hep-th/0011118; hep-th/0101027.
6. T. Gherghetta and A. Pomarol, Nucl. Phys. B586, 141 (2000); A.
Falkowski, Z. Lalak and S. Pokorski, Phys. Lett. B491, 172 (2000); E.
Bergshoe, R. Kallosh and A. Van Proeyen, JHEP 0010, 033 (2000); M.
Zucker, hep-th/0009083.
7. S. S. Gubser, hep-th/9912001; N. Arkani-Hamed, M. Porrati,
and L. Randall, hep-th/0012148; R. Rattazzi and A. Zaaroni,
hep-th/0012248.
8. C. Csaki, M. L. Graesser and G. D. Kribs, Phys. Rev. D63, 065002
(2001); S. C. Park, H. S. Song and J. Song, hep-ph/0009245;
9. P. Binetruy, C. Deayet, and D. Langlois, Nucl. Phys. B565, 269 (2000)
0102182: submitted to World Scientific on February 23, 2001 14
10. W.D. Goldberger and M.B. Wise, Phys. Rev. Lett. 83, 4922 (1999) O.
DeWolfe, D. Z. Freedman, S.S. Gubser, and A. Karch, Phys. Rev. D62,
046008 (2000)
11. P. Kanti, K. A. Olive and M. Pospelov, Phys. Rev. D62, 126004 (2000);
P. Kanti, I. I. Kogan, K. A. Olive and M. Pospelov, Phys. Lett. B468, 31
(1999); Phys. Rev. D61, 106044 (2000); Phys. Lett. B481, 386 (2000).
12. C. Csaki, M. Graesser, L. Randall and J. Terning, Phys. Rev. D62,
045015 (2000) J. M. Cline and H. Firouzjahi, Phys. Lett. B495, 271
(2000)
13. H. B. Kim, Phys. Lett. B478, 285 (2000)
14. K. Maeda and D. Wands, Phys. Rev. D62, 124009 (2000); T. Shiromizu,
K. Maeda and M. Sasaki, Phys. Rev. D62, 024012 (2000).
15. H. B. Kim and H. D. Kim, Phys. Rev. D61, 064003 (2000).
16. N. Kaloper, Phys. Rev. D60, 123506 (1999); T. Nihei, Phys. Lett. B465,
81 (1999).
17. J. E. Kim, B. Kyae and H. M. Lee, Phys. Rev. D62, 045013 (2000); Nucl.
Phys. B582, 296 (2000)
18. P. Binetruy, C. Deayet, U. Ellwanger, and D. Langlois, Phys. Lett.
B477, 285 (2000)
19. R. Maartens, D. Wands, B. A. Bassett, I. Heard, Phys. Rev. D62, 041301
(2000)
0102182: submitted to World Scientific on February 23, 2001 15
